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Highlights  Abstract  

▪ The speed and mass have the greatest influence 

on the stability of the Hyperloop vehicle. 

▪ The greatest disturbance occurs between the 

magnets and the curved guideway. 

▪ The method presented for determining vehicle 

stability eliminates the determination of the 

Lyapunov function. 

 The guide of the Hyperloop system in the paper is mathematically 

represented as a continuous system along which the force from the 

capsule travels, with the capsule in turn represented as a discrete 

system. The simulations discussed in the article were used to determine 

the displacements of the magnet elements. ANSYS software was used to 

perform the simulations using finite element calculations (FEM). The 

stability of the capsule will be determined from the results of the 

displacements present in the system.  Taking into account the existing 

conditions in the magnet and guide assembly system, the simulation 

results were used to analyse stability in technical and stochastic terms 

(Lyapunov criteria) for non-linear systems. In the technical stochastic 

stability analysis, the transverse displacements of the electromagnets 

were used. The probability of unstable Hyperloop motion was then 

calculated. 
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1. Introduction 

The competence and reliability of transportation systems [41, 4] 

is a major logistical issue. The fifth mode of transportation, also 

known as vacuum rail or the Hyperloop, is a theoretical solution 

to multimodal transportation issues [35]. According to this idea, 

a vehicle—a capsule in motion carrying people travels through 

a tube under reduced pressure [37 39]. Due to less traffic 

resistance, this mode of transportation requires less 

infrastructure than high-speed rail and uses less energy [38]. 

Due to the decreased air resistance brought on by the tube's 

decreased pressure, there is less resistance to movement. 

Magnetic cushions and different running gear options have also 

been employed [1]. 

The Hyperloop vehicle moves/floats due to an 

electrodynamic suspension, which suspends the rail and train in 

a magnetic field and uses the repelling force of the magnetic 

fields to propel/float the vehicle [3]. Electromagnets or  

a permanent magnet construction can produce the magnetic 

field in the train [5]. The induced magnetic field of the electric 

wires or the conduction belts in the tracks produce the repulsive 

force in the rails [2]. The voltage created in the coils and the 

magnetic field flux that results are too tiny at low speeds to lift 

the Hyperloop car off the track [6].Thus, the Hyperloop vehicle 
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must then move on its wheels, or alternatively, there must be 

another way to ensure that the vehicle can move on the track 

before it starts to hover above the track. The propulsion coils 

create a force between the magnets and ensure that the 

Hyperloop vehicle moves [7]. The coils described work in  

a similar way to a linear motor: current flowing through the coils 

creates a magnetic field along the track. The frequency of the 

voltage variation is synchronised with the speed of the 

Hyperloop vehicle (it is a type of synchronous motor). The 

lateral displacement caused by the magnets in the Hyperloop 

vehicle and the applied magnetic field cause the Hyperloop 

vehicle to move. Investigation of hyperloop vehicle 

displacement is usually limited to the vertical plane, but 

investigation of the lateral dynamics of the system is more 

important than that in the vertical plane and serves as  

a complement to the system in the horizontal plane [8]. It is 

possible to address problems with motion stability by 

conducting studies in the horizontal plane in the transverse 

direction with regard to the guideway [9].  

Recently, an increasing amount of activity is considering 

supporting driveways at 30 meter intervals. We investigated 

discrete continuous systems. [10, 11] used the Rungge-Kutta-

Rosenbrock approach to solve the equations of motion for 

systems containing elastic damping elements. The authors of 

article [12] proposed a particular modification of his Rungge-

Kutta method that allows efficient integration of stiff equations. 

The study of the relationship between hyperloop vehicles and 

guideways can be considered as a cooperation between capsules 

and guideways [19]. Both rotational and linear motion 

accelerations are caused by the forces generated by the motion 

of the capsule. Vehicle motion, road dynamics and road bumps 

are all sensed by the suspension system. Tracks are usually 

represented in mechanical models as beams with a fixed T-

shaped cross-section [23]. This guideway model is also used in 

the work. The displacement forces on the suspension and 

guideway exert forces on the guideway support [21]. These 

forces on the guideway beam are influenced by both the 

guideway reaction forces and moments of the support member 

[22] and the dynamic properties of the support foundation. The 

mathematical description of this tightly-coupled process is very 

complex, and appropriate assumptions must be made [20]. The 

vehicle under consideration can have different support 

distances. A fixed support spacing value of 30 m was used in 

this study [24, 25]. The average speed of a Hyperloop vehicle is 

almost five times that of regular trains [26]. The dynamic 

amplification can be very significant at these extremely high 

speeds, which will have an immediate impact on the magnets' 

displacement and the safety of the vehicle's motion [31]. 

Additionally, the Hyperloop tube will be supported by a number 

of platforms that will support it vertically and permit it to move 

longitudinally owing to thermal expansion [33]. 

However, the lateral movement of the deck has not yet been 

examined in relation to the interaction of the Hyperloop tube 

with the platform [32]. In this investigation, the unbalanced 

loading of the train—where certain tubes are loaded but not all 

is what is causing the lateral vibration of the deck. Although 

they are outside the purview of this study, lateral loads like 

earthquakes and, to a lesser extent, wind, can result in lateral 

vibrations [34]. 

In a thorough and in-depth article [27], which describes the 

formulation of moving force and moving mass for simple spans, 

the problem of moving load is first mathematically defined by 

[32]. Vertical vehicle-bridge interaction issues have also been 

addressed using moving force-beam systems [8]. Parametric 

analysis aids analytical answers to moving load problems. To 

evaluate the vibration response of such systems, more intricate 

numerical approaches are needed because not all moving force 

problems can be addressed analytically [9]. For the sake of 

simplicity, moving load issues can be handled as static loads 

placed at various points throughout the structure. However, 

particularly for high-speed trains, the dynamic impacts of 

shifting loads can be significant. The peak deflection or stress 

induced by the dynamics of moving loads is hence characterized 

as DAF, or dynamic to quasi-static peak deflection [13, 14]. 

The paper [16] is a superb and significant monograph on 

moving mass loads traveling on beams. Hundreds of papers on 

the issue of moving loads and moving forces are described in it. 

Beams would still require literature citations to be added. These 

studies cover inertia loads, gravity loads, and permanent loads 

[18]. 

The authors, following Paracmi [29], developed more 

complex two-dimensional (2D) and three-dimensional (3D) 

models of the components of the Hyperloop system, which 

consisted of (3D) vehicle models that consisted of one body, 
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four bogies, eight bolsters, eight suspension magnets, and  

a magnetic force feedback controller [35]. This was done in 

order to investigate the impact of irregularities and resonant 

conditions occurring in the Hyperloop vehicle dynamics [16]. 

Due to its discrete-time controller, the Maglev 

electromagnetic train will shake while suspended. On the other 

hand, the HTS Maglev won't vibrate because it uses passive 

levitation. The existence of vibration is unavoidable, however, 

when the HTS Maglev vehicle is moving at high speeds [17]. 

The arc collision and other outside disturbances have caused 

some vibration in the vehicle, as was to be expected. This kind 

of vibration can be uncomfortable or even dangerous . The HTS 

Maglev system must therefore undergo dynamic testing in order 

to be used for rail transit in the future [30]. 

When studying scientific literature, it is noticeable that the 

number of studies that discuss the analysis of the Hyperloop 

vehicle as a continuous discrete system has significantly 

increased [15].The response of the elastic-damping system for 

the Hyperloop vehicle was calculated using the Rungge-Kutty-

Rosenbrock algorithm [43] presents the approach for integrating 

the equations defining the dynamics of discrete systems. 

In this study, the interaction of mass at various I-beam sites 

will be used to describe the interaction between the guideway 

and the levitation assembly of Hyperloop vehicles [48].  The 

magnetic levitation module's linear and angular acceleration are 

caused by forces that arise during the passage of the vehicle 

[49]. Non-linear non-uniformities appear on the guideway's 

surface as a result of the suspension system's reaction to 

accelerations in the discrete system during travel [50]. The 

mechanical model of the guideway is described in scientific 

journals as being represented by a beam with a constant cross-

section resting on an elastic basis [51]. This paper also utilizes 

this model. The electromagnetic Hyperloop vehicle will vibrate 

as the suspension system moves because of the discrete model, 

but it won't vibrate because of the magnetic levitation 

phenomenon itself because there aren't any magnets in place. 

However, vibrations are unavoidable while the Hyperloop is 

traveling at a high speed [52].  The impact of the arc and other 

outside disturbances have generated minor vibrations in the 

vehicle, as is to be expected. This kind of vibration can be 

uncomfortable or even dangerous [44]. 

The tube that the Hyperloop vehicle rides on has an 

underlying longitudinal structure called the guideway [45]. The 

ride experience and stability of the Hyperloop object are 

significantly impacted by the guideway's elasticity [46, 47]. The 

electromagnetic suspension is actively and independently 

regulated by the flexible guideway via a feedback controller. 

The electromagnetic suspension works by creating an air gap 

whose variation causes variation in magnetic forces. The 

resonance of the Hyperloop vehicle's structure causes excessive 

vibrations, which might result in uncomfortable ride quality or 

unstable suspension [3]. Therefore, a detailed analysis of the 

vehicle/guideway interaction is crucial for Hyperloop systems 

in order to guarantee stable suspension and ride quality of the 

Hyperloop vehicle as well as the guideway construction. 

This study looks into a probabilistic scenario involving the 

mechanics of a Hyperloop vehicle capsule and analyses how an 

object would behave in a continuous, multi-span ruptured tube 

[40]. Using the Lagrangian approach, the equations of motion 

for the system in this cell were established. Simulation studies 

were conducted after identifying the important boundary 

conditions. The parameters at which the object would become 

static under the influence of the forces acting on the guideway 

were also established [42]. 

In this paper, the results obtained in the simulation process, 

mainly for the lateral movements of the electromagnet, will be 

used to study the stability of the motion. In the report [30], 

bifurcation solutions were considered as the basis for the 

stability study of a linear system. While such a system is 

theoretically possible, in practice we will study (through  

a simulation process) the transverse motion of electromagnets 

for a non-linear system with perturbations originating from the 

guideway [41]. These results will be used to study stochastic 

technical stability (a definition will be presented in the paper). 

This will enable the determination of the probability of unsteady 

motion (contact between the electromagnet and the guideway). 

The full procedure for this will be presented in the article. Such 

a process has not been investigated in any currently available 

work. 

2. Building the physical model 

Geometrical parameters, discrete models of the guideway, and 

the capsule are all incorporated in the mathematical equations 

that describe the dynamics of the Hyperloop vehicle. The 
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susceptibilities, together with linear and angular characteristics 

obtained from the coordinate systems, are also included in the 

mathematical description. The mathematical arguments 

discussed in the following paragraphs are drawn from the paper 

[18]. 

A discrete model of the Hyperloop vehicle is primed in Fig. 

1. In order to represent the real object in the mechanical model 

under analysis, the length of the tube, denoted by L, is specified. 

All components comprising the Hyperloop will be treated as a 

discrete model (the mass m1 is the capsule and m2 is the lump 

of the levitation assembly). The individual components present 

in the Hyperloop vehicle model under consideration are linear 

susceptible components.

 

Figure 1. Capsule model discrete.

The phenomena occurring during the Hyperloop vehicle's 

passage and the displacements of the capsule that occur are due 

to the dynamics of the mass's movement along a fixed cross-

section beam and are indirectly dependent on the phenomenon 

of magnetic levitation. In the mathematical considerations, the 

masses occurring in the Hyperloop vehicle are connected to 

each other by susceptible components. In mathematical 

analysis, they can be considered as a linear and non-linear 

component. In the mathematical derivations, it was assumed 

that magnitude 1 would characterise the physical phenomena 

occurring in the vehicle's first-stage suspension system, while 

phenomena occurring in the second-stage suspension system 

were denoted by 2. In order to determine the mathematical 

equations describing the displacements of the capsule and the 

levitation set, the quantities characterising the geometry of the 

Hyperloop vehicle were defined, and so by l is the length of the 

capsule, b is its width, while its height is determined by the 

parameter h. The mass objects constituting the vehicle were 

defined as m1 the total mass of the capsule and m2 the total mass 

of the levitation set.  The damping and elasticity coefficients 

present in the discrete system were defined by ch and kh, 

respectively. In order to better illustrate the clarity of the 

differential equations describing the dynamics of vehicle 

motion, two separate coordinate systems were adopted, one 

associated with the O1XYZ tube and the other associated with 

the capsule, the origin of which was assumed to be at the centre 

of gravity of the capsule and the levitation components. It was 

assumed that the axes of the coordinate system connected with 

the capsule and the magnetic assembly are located on the axes 

of symmetry of the masses of the basic elements of the vehicle. 

The situation is identical in the case of angular coordinates 

whose vectors defining velocities occurring in the system lie on 

the axes of the coordinate system connected with the object and 

characterise the dynamics of roll, yaw and inclination of the 

Hyperloop vehicle. In what follows, the directional cosine 

matrix is assumed to be zero-one (ones on the diagonal) 

according to the work [9].
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Figure 2. Hyperllop vehicle model used in the development of mathematical equations.

The suspension element in which the levitation module 

subassembly is contained is a closed magnetic circuit 

comprising magnets and a guide. As the Hyperloop object is 

propelled using magnetic levitation technology, the 

mathematical analysis must take into account the gap width 

occurring between the magnets and the guide and the 

recirculation of the components of the magnetic assembly. 

Which are defined by Rm and Rn (m = 1, 2, 3 and 4). In a further 

step, an attempt was made to determine the displacements w(t,x) 

occurring on the guide, which in the model is treated as a beam 

with an I-profile and a constant cross-section. An identical step 

was performed for the magnetic assembly whose displacements 

are denoted by w1(x, t).  

Given the displacements of the magnetic element occurring 

on the set, consider all four cases defined as za and ya (a=1,2,3 

and 4 - are the number of megnets included in the levitation 

complex with numbers 1 and 2.). The capsule y- and z-axis 

displacements occurring in the first and second Hyperloop 

suspension components can be calculated using the assumptions 

made. The subsequent equations were obtained for the magnetic 
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force and linear elastic-damping components that appeared in 

the generated discrete model: the spring pressure needed to 

move a capsule inside a tube: 

Spring forces: 

𝐾 ℎ(𝑦1 − 𝑦𝑎2), 𝐾 𝑠(𝑧1 − 𝑧𝑎2), (𝑎 = 1, 2, 3, 4) (1) 

amping forces acting on the capsules: 

𝐶ℎ (
𝑑𝑦1

𝑑𝑡
−

𝑑𝑦𝑎2

𝑑𝑡
) , 𝐶ℎ (

𝑑𝑧1

𝑑𝑡
−

𝑑𝑧𝑎2

𝑑𝑡
) , (𝑎 = 1,2,3,4) (2) 

Magnetic force of magnetic levitation system: 

𝐹𝑦𝑎 =
𝜑𝑎1(𝑡)

𝜇0𝐴𝑎

, 𝐹𝑧𝑎 =
𝜑𝑎1(𝑡)

𝜋
⋅

𝑎2𝑧𝑎2

𝜇0𝐴𝑎1

, 𝑎 = (1,2,3,4) (3)    

where, in equation (3), Fya and Fza denote the magnetic force 

components appearing during transverse and vertical motion, 

with μ0 denoting the magnetic permeability in vacuum, 𝐴𝑎 =

𝑎2𝑎 × (𝑏2𝑎 − 𝑧2𝑎), 𝑎 = (1, 2 ,3, 4) 

In the phenomenon of magnetic levitation, the magnetic 

field generated in this area is defined in the mathematical 

equations by the magnitude ϕa and is closely related to the 

resistance of the passive elements that make up the magnetic 

module and are defined by Ra. The mathematical relationship is 

as follows: 

𝜙𝑎 =
𝑁𝐼𝑎(𝑡)

𝑅𝑎
,    𝑎 = (1,2,3,4) (4) 

The quantity N appearing in the equation denotes the 

number of turns occurring in the eclectic circuit and by the 

parameter la the current occurring in the circuit is specified. 

𝑅𝑎 = 𝑅0 + 𝑟𝑠𝑎(𝑡) ,    𝑎 = (1,2,3,4) (5) 

where r=2/𝜇0𝐴0, 𝑠𝑎(𝑡) = 𝛿𝑎(𝑡) − 𝛿0 produces a disturbance in 

the y-axis, but the reluctance or gap parameter R0 between the 

magnet assembly and the guide at rest is equilibrium.  The air 

gap is determined by the amount 𝛿𝑎, which is defined by the 

relationship: 

𝛿𝑎(𝑡) = 𝑦𝑎2(𝑡) − 𝑤𝑎(𝑡), 𝑎 = (1, 2, 3, 4) (6) 

3. Motion equations for Hyperloops 

To determine the equations of motion of the Hyperloop vehicle, 

d'Alembert's principle was used, resulting in: 

𝑚𝑣
𝑑2𝑦𝑎2

𝑑𝑡2 − 𝐶ℎ (
𝑑𝑦1

𝑑𝑡
−

𝑑𝑦𝑎2

𝑑𝑡
) − 𝐾ℎ(𝑦1 − 𝑦𝑎2) =

𝑚𝑔 − 𝐹𝑦𝑎,     𝑎 = (1,2,3,4) 

 

𝑚𝑣
𝑑2𝑧𝑎2

𝑑𝑡2 − 𝐶ℎ (
𝑑𝑧1

𝑑𝑡
−

𝑑𝑧𝑎2

𝑑𝑡
) − 𝐾𝑠(𝑧1 − 𝑧𝑎2) =

𝐹𝑧𝑎,   𝑎 = (1,2,3,4) 

 

𝑚𝑔

𝑑2𝑦1

𝑑𝑡2
+ 𝐶ℎ ∑

𝑎=1

4

(
𝑑𝑦1

𝑑𝑡
−

𝑑𝑦𝑎2

𝑑𝑡
) + ∑

𝑎=1

4

𝐾ℎ(𝑦1

− 𝑦𝑎2) = 𝑚𝑔𝑔 

(7) 

 

𝑚𝑔

𝑑2𝑧1

𝑑𝑡2
+ 𝐶𝑠 ∑

𝑎=1

4

(
𝑑𝑧1

𝑑𝑡
−

𝑑𝑧𝑎2

𝑑𝑡
) + ∑

𝑎=1

4

𝐾𝑠(𝑧1 − 𝑧𝑎2)

= 0 

and 

𝐽𝑝

𝑑2휃𝑝

𝑑𝑡2
+ 𝐶𝑝

𝑑2휃𝑝

𝑑𝑡2
− 𝐾𝑝휃𝑝

= (𝐽𝑟 − 𝐽𝑦)
휃𝑟

𝑑𝑡
∙

휃𝑦

𝑑𝑡
− 𝐿𝑝 

𝐽𝑦

𝑑2휃𝑦

𝑑𝑡2
+ 𝐶𝑦

𝑑2휃𝑦

𝑑𝑡2
− 𝐾𝑦휃𝑦

= (𝐽𝑝 − 𝐽𝑟)
휃𝑝

𝑑𝑡
∙

휃𝑟

𝑑𝑡
− 𝐿𝑦  

𝐽𝑟

𝑑2휃𝑟

𝑑𝑡2
+ 𝐶𝑟

𝑑2휃𝑟

𝑑𝑡2
− 𝐾𝑟휃𝑟

= (𝐽𝑦 − 𝐽𝑝)
휃𝑦

𝑑𝑡
∙

휃𝑝

𝑑𝑡
− 𝐿𝑟 

 

(8) 

The quantities included in equation (8) are θp, θy, θr angles 

of rotation in the O1X1Z1Y1coordinate system associated with the 

capsule in the roll, yaw and pitch directions. The moment of 

inertia occurring in the system, defined by Jp, Jy, Jr was defined 

in the lower order. 

The moment of inertia value for the second suspension stage 

of a hyperloop vehicle is written as:   

𝐽𝑝 =
1

12
𝑚𝑣[𝐿2 + ℎ2] 

𝐽𝑦 =
1

12
𝑚𝑣[𝐿2 + 𝑏2] 

𝐽𝑟 =
1

12
𝑚𝑣[ℎ2 + 𝑏2] 

 

(9) 

The parameters Lp, Ly, Lr visible in the equation above are the 

inertial forces. The mathematical notation is as follows: 

𝐿𝑝 =
𝑑1

2
[𝐶ℎ (

𝑑𝑦 4,2

𝑑𝑡
+

𝑑𝑦3,2

𝑑𝑡
−

𝑑𝑦2,2

𝑑𝑡
−

𝑑𝑦1,2

𝑑𝑡
)

− 𝐾ℎ(𝑦𝑎,2 + 𝑦𝑎,2 − 𝑦𝑎,2

− 𝑦𝑎,2)] 𝑐𝑜𝑠 휃𝑝   𝑎 = (1,2,3,4) 

𝐿𝑦 =
𝑑1

2
[𝐶𝑠 (

𝑑𝑦 𝑎,2

𝑑𝑡
+

𝑑𝑦 𝑎,2

𝑑𝑡
−

𝑑𝑦 𝑎,2

𝑑𝑡
−

𝑑𝑦 𝑎,2

𝑑𝑡
)

− 𝐾𝑠(𝑦𝑎,2 + 𝑦𝑎,2 − 𝑦𝑎,2

− 𝑦𝑎,2)] 𝑐𝑜𝑠 휃𝑦    𝑎 = (1,2,3,4) 

𝐿𝑟 =
𝑑2

2
[𝐶ℎ (

𝑑𝑦 𝑎,2

𝑑𝑡
+

𝑑𝑦 𝑎,2

𝑑𝑡
−

𝑑𝑦𝑎,2

𝑑𝑡
−

𝑑𝑦 𝑎,2

𝑑𝑡
)

− 𝐾ℎ(𝑦𝑎,2 + 𝑦𝑎,2 − 𝑦𝑎,2

− 𝑦𝑎,2)] 𝑐𝑜𝑠 휃𝑟   𝑎 = (1,2,3,4) 

 

(10) 

The displacement caused by the guideway can be expressed 

by the following formula: 
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𝐸𝐽
𝜕4𝑤

𝜕𝑥4
+ 𝐶ℎ

𝜕𝑤

𝜕𝑡
+ 𝜌

𝜕2𝑤

𝜕𝑡2

= 휂1(𝑡, 𝑥) ∑
𝐹𝑦𝑎

𝐿𝑎2

2

𝑎=1

+ 휂2(𝑡, 𝑥) ∑
𝐹𝑦𝑎

𝐿𝑎1

4

𝑎=1

 

(11) 

in which  

   휂1(𝑡, 𝑥) = {
1 𝑓𝑜𝑟 𝑣𝑡 −

𝐿𝑎1

2
≤ 𝑥 ≤ 𝑣𝑡 +

𝐿𝑎1

2

0
 

                   

η
2

(t, x) = {
1 for vt-d1-

La2

2
≤ x ≤ vt-d1 +

La2

2

0
    

 

(12) 

where 𝐿𝑎1 = 𝐿𝑎2 and are the respective electromagnetic forces 

generated by the first and second levitation sets. 

4. Discrete model of a Hyperloop vehicle 

The levitation system of the Hyperloop facility in question uses 

an articulated trolley system. The trolley on which the levitation 

module is mounted has four magnetic systems on each side, and 

these are magnetised with different polarities alternately. On the 

other side, the levitation coils are on a slide and connected to 

others on the opposite side of the slide. When the capsule moves 

and there is a change in the magnetic field in front of these 

levitating coils, an induced current flows in these coils and an 

electromagnetic force is generated. As a result, having these 

parameters in hand, it is possible to write an equally motion for 

the Hyperloop vehicle: 

𝑚𝑣

𝑑2𝑦2

𝑑𝑡2
+ 𝐶ℎ (

𝑑𝑦2

𝑑𝑡
−

𝑑𝑦1

𝑑𝑡
) + 𝐾ℎ(𝑦2 − 𝑦1) = 0 (13) 

The formula uses the following designation for the mass of 

the capsule mv, the displacements formed in the vertical 

direction of the capsule are denoted by y2 and the vertical 

displacements of the levitation system are denoted by y1. The 

damping occurring in the second-stage suspension system under 

consideration is defined by Ch and the stiffness on this 

suspension is Kh.

 

Figure 3. Horizontal movement of the Hyperllop vehicle.

The mathematical notation of the dynamics of movement in 

the vertical direction for the suspension of the levitating module 

is defined as: 

𝑚𝑣

𝑑2𝑦1

𝑑𝑡2
− 𝐶ℎ (

𝑑𝑦2

𝑑𝑡
−

𝑑𝑦1

𝑑𝑡
) − 𝐾ℎ(𝑦2 − 𝑦1)

+ 𝐶𝑠 (
𝑑𝑦1

𝑑𝑡
−

𝑑𝑤(𝑥, 𝑡)

𝑑𝑡
)

+ 𝐾𝑠(𝑦1 − 𝑤(𝑥, 𝑡)) = 0 

(14) 

In formula (14), the individual quantities represent 

successively in w(x,t) the vertical displacement of the guide at 

m1

ChKh

CsKs

V

m1

m.

m3

z

x
y

0

y1

p

y

r

x1

z1

01
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time t and place x, the mass of the levitating set - m1, the damping occurring in the first suspension stage - Cs and the 

stiffness in this system is Ks.

 

Figure 4. Location of the main coordinate system complete for the Hyperloop vehicle.

The natural vibrations occurring in the system under 

consideration are expressed by the equation: 

𝑑2𝐴𝑘(𝑡)

𝑑𝑡2
+ 2휁𝑘𝜔𝑘

𝑑𝐴𝑘(𝑡)

𝑑𝑡
+ 𝜔𝑘

2𝐴𝑘(𝑡)

= (𝑚𝑚 + 𝑚𝑣)𝑔

+ 𝑐𝑠 (
𝑑𝑦1

𝑑𝑡
−

𝑑𝑤(𝑥, 𝑡)

𝑑𝑡
)

+ 𝑘𝑠(𝑦1

− 𝑤(𝑥, 𝑡))
√2

𝑚𝑣𝐿
sin (

𝑘𝜋𝑣𝑡

𝐿
)

= 0 

(15) 

where 휁𝑘 is the irregularity appearing on the guideways. 

In a further mathematical consideration, the equation for the 

value of the movement occurring on the guide can be 

determined: 

𝑤(𝑥, 𝑡) = ∑ 𝐴𝑘(𝑡)𝜙𝑘(𝑥)

∞

𝑘=1

= ∑ 𝐴𝑘(𝑡)√2

∞

𝑘=1

sin (
𝑘𝜋𝑣𝑡

𝐿
) 

(16) 

Ak(t) – the course of the displacements generated on the 

guideway. 

5. Stochastic technical stability (STS) 

The STS definition was taken from the book [3]. Stability in the 

Lyapunov sense is determined by STS. After giving the 

definition, we'll discuss how this stability relates to Hyperloop 

motion.  One of the most crucial aspects of studying the 

dynamics of mechanical, electromechanical, and electrical 

systems is the stability of dynamic processes in the Lyapunov 

sense. Let's outline the STS. 

Take the differential equation as an example: 

𝑑𝑥‾

𝑑𝑡
= 𝑓(𝑥‾, 𝑡, 𝜉‾(𝑡, 𝑣))

𝑥‾(0) = 𝑥‾0

 (17) 

where: 

𝑥‾ = [𝑥1, 𝑥2, … 𝑥𝑛]𝑇 ,

𝑓‾ = [𝑓1, 𝑓2, … 𝑓𝑛]𝑇 ,

𝜉‾ = [𝜉1, 𝜉2, … 𝜉𝑛]𝑇 ,

 

 

where 𝑥 = (𝑥1, . . . , 𝑥𝑛) and 𝑓(𝑥, 𝑡, 𝑦) = (𝑓1, . . . , 𝑓𝑛) are vectors, 
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while 𝜉(𝑡) = (𝜉1. . . , 𝜉𝑛), 𝑡 ≥ 0 is a stochastic process that 

describes a randomly occurring disturbance. For the function 

𝑓(𝑥, 𝑡, 𝑦) assumptions have been made that it is specified for 

each 𝑥 ∈ 𝐸𝑛 , 𝑦 ∈ 𝐸𝑛 and 𝑡 ≥ 0. It was also assumed that for the 

stochastic process 𝑓(0, 𝑡, 𝜉(𝑡)) occurs 

𝑃{∫ |𝑓(0, 𝑡, 𝜉(𝑡))|𝑑𝑡 < ∞} = 1
𝑇

0
, for each 

0T , 
(18) 

and that there exists a stochastic proces 𝑓(𝑋, 𝑡, 𝜉(𝑡)) 

satisfying the Lipschitz criterion in the interval [0, T] 

|𝑓(�̅�′, 𝑡, 𝜉̅(𝑡, 𝑣)) − 𝑓(�̅�, 𝑡, 𝜉(̅𝑡, 𝑣))|

≤ 휂(𝑡, 𝑣)|�̅�′ − �̅�| 
(19) 

for another proces 휂(𝑡), absolutely integral in the given 

interval. This presumption is comparable to the function 

continuity criteria. 

The definition of technical stochastic stability is: if every 

solution of equation (17), whose initial conditions(𝑡, 𝑡0, 𝑥0) are 

contained in the area 𝜔, belongs to the area 𝛺 with probability 

1 − 휀, then the system (17) is technically stochastically stable 

with respect to 𝜔, 𝛺 and the process 𝜉(𝑡) with probability 1 − 휀 

(Fig.5). 

𝑃{𝑥‾(𝑡, 𝑡0, 𝑥‾0) ∈ Ω} > 1 − 𝜖 into 𝑥0 ∈ 𝜔 

 
(20) 

 

Figure 5. Graphical interpretation of the stochastical technical 

stability. 

We provide the traditional concept of Lyapunov stability 

here as a reminder [3]. The Lyapunov definition is one of the 

original and fundamental definitions of mechanical system 

stability. n first-order differential equations of the form 

represent the motion of a mechanical system in its description. 

𝑑𝑥

𝑑𝑡
= 𝑓(𝑡, 𝑥)    (21) 

where by 𝑓(𝑡, 𝑥) = 𝐹(𝑡, 휁 + 𝑥) − 𝐹(𝑡, 휁), where 휁 stands for 

undisturbed movement, while 𝑥 - disturbance occurring [28]. 

The solution 𝜉 = 𝜉(𝑡) of the system described by equation 

(21) is Lagrangian stable for 𝑡 → ∞ if for any 휀 > 0 and 𝑡0 ∈

(𝑎, ∞) there exists 휂(휀, 𝑡0) > 0 such that: 

- all solutions (trajectories) 𝑥 = 𝑥(𝑡) of equations (21), 

including 𝜉(𝑡) satisfy the condition 

‖𝑥(𝑡0) − 𝜉(𝑡0)‖ < 휂   (22) 

and are defined in the future, i.e. in the interval [𝑡0, ∞);  

- for these solutions, the inequality occurs 

‖𝑥(𝑡) − 𝜉(𝑡)‖ < 휀 into 𝑡 ∈ [𝑡0, ∞). (23) 

The verbal interpretation of this notation after [17] is that the 

trajectory 𝜉(𝑡) of equations (21) is stable when the perturbed 

solution 𝑥(𝑡) is located in a narrow region ε around 𝜉(𝑡) (Fig. 

6). This means that the region ε is the limit within which the 

perturbed solution can be found, so that the stability of the 

analysed system can be established. Failure to determine the 

probability of the perturbed solution being close to the correct 

solution makes it impossible to subject the system to random 

perturbations and analyse their effect on the motion of that 

system. 

In the study of stability in the Lyapunov sense, there are 

limitations on the extensibility of the solution of equation (21) 

to infinity, and the conclusion of this solution for the area 

defined by the parameter ε>0. 

 

Figure 6. Lyapunov-style stability graphically interpreted [28]. 



Eksploatacja i Niezawodność – Maintenance and Reliability Vol. 25, No. 3, 2023 

 

Testing stability according to the classical definition of 

Lyapunov requires the determination of the Lyapunov function, 

most often denoted by V in mechanics. Unfortunately, there are 

currently no rules that allow the determination of this function. 

Most often the determination of this function requires it to be 

"guessed". 

In the STS study, no such procedure is required. What is 

required is to define the area Ω and to find a solution describing 

the dynamics for a given generalised coordinate. For the 

Hyperloop, we assume that the positive extent of the area Ω is 

the clearance, which is described by relation (6) and in Fig.2 the 

distance between the guide and guidance magnet. The second 

gap, which appears in Fig.2, may have larger magnitudes, as the 

size of this gap also depends on the deflection of the susceptible 

elements. This gap can be taken up in different magnitudes. In 

our simulation studies, a gap size of 8 mm was adopted. The 

magnitude of the gap variation is the transverse motion of the 

electromagnet - in the model the y1 coordinate from equation 

(7). As a result of the simulation, this motion is a random 

variable, i.e. a stochastic signal (the set of determinants is time), 

whose analysis will be conducted on the basis of a single 

realisation. In order for such an analysis to be carried out, it 

must be investigated or assumed whether the stochastic signal 

has the properties of stationarity of order two and global 

ergodicity. In our study, we have made such an assumption, 

which allowed the analysis on the basis of a single realisation. 

We will then determine a histogram of the changing magnitudes 

of the electromagnetic motion in the y-direction for a guide 

magnet. We assume a significance level of 𝛼 = 0,05 for further 

testing. Then, using the Kolmogorov-Smirnov test, we 

determine the form of the function describing the probability of 

a given magnitude of slack. With such a function, it is possible 

to determine the probability of movement of electromagnets 

with a magnitude of 8 mm, i.e. there will be contact between the 

guiding electromagnet and the guide. This is the magnitude in 

which the movement is unstable. As shown graphically in 

Figure 5, such a probability can be determined from the 

relationship: 

𝑃(𝑦1) = ∫ 𝛿(𝑦)𝑑𝑦
𝑦1=8 𝑚𝑚

−∞
  (24) 

Guide inequalities have been omitted from the 

considerations, due to their very small magnitudes. Probabilities 

will be determined for different Hyperloop movement 

conditions. The procedure prepared in this way will be carried 

out obtaining results in the simulation process.  

6. Simulation study 

The following quantities characterising the Hyperloop vehicle 

were assumed in the simulation [36]: 

 

Table 1. Geometrical and mechanical parameters used in the 

simulations for the Hyperloop vehicle. 

Hyperloop vehicle parameters 

Total Secondary Damping cz 8.46 x 104 [Ns/m] 

Length of vehicle L 25 [m] 

Primary Total Damping Ch 2.15 x 106 [Ns/m] 

Mass Levitation frames mm 22000 [kg] 

Carriage body pitch inertia Iv 1.75 x 106 [kgm2] 

Carriage mass mv 15000 [kg] 

Primary Total Stiffness Kh 1.18 x 108 [N/m] 

Secondary Total Stiffness Kz 6.812 x 105 [N/m] 

The simulation process adopted the guide model shown in 

Figure 7. 

 

Figure 7. CAD model of a guideway of Hyperloop objects [18] 

The simulations resulted in the movements of four magnets, 

for speeds of 1,000 km/h and 2,000 km/h. Simulations were 

carried out for two cases: movement of the capsule in a straight 

tube and movement of the capsule along a curved tube with a 

radius of 200,000 m. Results for the transverse motion of the 

electromagnets were recorded. The primary stability criterion 

was the size of the gap between the guide magnet and the guide. 

An example of the transverse displacement result for 4 

electromagnets for a speed of 1000 km/h along a straight tube 

is shown in Fig. 8. Fig. 9 shows the transverse displacement for 

4 electromagnets for a speed of 1000 km/h along a curved tube. 

Figures 10 and 11 show the transverse displacement for 4 

electromagnets for a speed of 2000 km/h along a straight and 

curved tube. 



Eksploatacja i Niezawodność – Maintenance and Reliability Vol. 25, No. 3, 2023 

 

0 100 200 300 400 500 600 700
-5

-4

-3

-2

-1

0

1 10
-3

D
is

p
la

c
e

m
e

n
ts

 i
n

 t
h

e
 y

-d
ir

e
c
ti
o

n
 [

m
]

Tube length [km]

Levitating bogie set FL
Levitating bogie set FR
Levitating bogie set RL
Levitating bogie set RR

Levitating bogie set FL
Levitating bogie set FR
Levitating bogie set RL
Levitating bogie set RR

 

Figure 8. Displacement of the levitation set at 1000 km/h in a 

straight tube. 
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Figure 9. Displacement of levitation set at 1000 km/h in a 

curved tube with radius R= 200 000 metres. 
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Figure 10. Displacement of the levitation set at 000 km/h in a 

straight tube. 
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Figure 11. Displacement of levitation set at 2000 km/h in a 

curved tube with radius R= 200 000 metres. 

 

In Figure 8, orange is for lavitation magnet movement and 

purple is for guidance magnet movement. In Figure 9, the 

maximum displacement is for the lavitation magnet movement. 

The purple colour indicates guidance magnet motion. The 

results show that for a speed of 1000 km/h, only the maximum 

displacement values change for both the lavitation magnet and 

guidance magnet movements. For a speed of 2000 km/h, the 

maximum displacement magnitudes for both the straight and 

curved tube show lavitation magnet movements. For guidance 

magnet movements, the maximum magnitudes of the lateral 

displacements do not exceed 8 mm.  

Simulations for different radii of curvature of the tube were 

also investigated. For radii smaller than 200,000 m, there was a 

process of contact between the guidance magnet and the guide, 

leading to destruction of the systems. Only at a radius of 

200,000 m was possible movement recorded. With the graphs 

in hand, histograms were determined and a probability 

distribution was selected in the form of a normal curve at a 

significance level of α=0.05. These curves characterise the 

mean values and standard deviations. For these distributions, 

the probability of steady state movement was determined. A set 

of these results are summarised in Table 2. 
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Table 2. Summary of simulation results for stability testing for 1000 km/h, where FL - first levitation set with magnets located on the 

left side, FR - first levitation set with magnets located on the right side, RL - second levitation set with magnets located on the left 

side, RR - first levitation set with magnets located on the right side. 

Parameters of normal 

distribution (Kolmogorov-

Smirnov test for one sample) 

Mean value Standard deviation Probability of steady motion 

 Speed 1000 km/h straight tube 

Displacements of the levitation set 

in the y-direction for FL magnets 
0.000643564 0.001500849 0.9999/0.00356 

Displacements of the levitation set 

in the y-direction for FR magnets 
0.00064351028 0.001500660 0.9999/0.00426 

Displacements of the levitation set 

in the y-direction for RL magnets 
0.0005307696 0.00125932818 0.9999/0.00356 

Displacements of the levitation set 

in the y-direction for RR magnets 
0.000530715685 0.0012591756 0.9999/0.00357 

 Speed 1000 km/h curved tube with a radius of 200,000 metres 

Displacements of the levitation set 

in the y-direction for FL magnets 
0.00135772256 0.0041107885 0.99024/0.01077 

Displacements of the levitation set 

in the y-direction for FR magnets 
0.00135765939 0.00411063733 0.99024/0.01077 

Displacements of the levitation set 

in the y-direction for RL magnets 
0.00124279509 0.003959562 0.98862/0.01125 

Displacements of the levitation set 

in the y-direction for RR magnets 
0.0012427319 0.0039426835 0.99024/0.01077 

Table 3. Summary of simulation results for stability testing for 1000 km/h 

Parameters of normal distribution 

(Kolmogorov-Smirnov test for one 

sample) 

Mean value Standard deviation Probability 

Speed 2000 km/h straight tube 

Displacements of the levitation set in the 

y-direction for FL magnets 
0.0053174648 0.01086606 0.88982/0.03149 

Displacements of the levitation set in the 

y-direction for FR magnets 
0.0053159854 0.01086289500 0.9039/0.03148 

Displacements of the levitation set in the 

y-direction for RL magnets 
0.00469238594 0.0097347381 0.9385/0.02814 

Displacements of the levitation set in the 

y-direction for RR magnets 
0.00469120652 0.00973194839 0.9039/0.02813 

Speed 2000 km/h curved tube with a radius of 200,000 metres 

Displacements of the levitation set in the 

y-direction for FL magnets 
0.006915739420 0.016245364 0.81912/0.04595 

Displacements of the levitation set in the 

y-direction for FR magnets 
0.00681447120 0.0162416190 0.81915/0.04594 

Displacements of the levitation set in the 

y-direction for RL magnets 
0.00618407671 0.01514287177 0.82554/0.04266 

Displacements of the levitation set in the 

y-direction for RR magnets 
0.00618280847 0.01513931248 0.82557/0.04265 

The measurements were then repeated for the same 

levitation trolley parameters, but at a speed of 2000 km/h. The 

results obtained from this analysis are presented in Table 3. 

Two probability quantities are given in Table 2and Table 3: 

the first quantity represents the probability of steady state 

motion and the second quantity represents the probability of 

unsteady motion. In Table 1, RL and RR are the guide magnet 

and FL and FR are the levitation magnet. From a stability point 

of view, according to the earlier definition, Ω is assumed to refer 

to the clearance between the guide magnet and the guide.  

The obtained results of the transverse displacements of the 

guiding and levitation magnets made it possible to determine 

the probability of the occurrence of a steady state motion, i.e. 

one whose solution falls within the boundary Ω, Fig.5. Such  

a study gives an answer as to what is the probability of the 

movement of the magnets (guiding and levitation) occurring. 
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According to Figure 5, if the trajectory of the solution coincides 

with the boundary Ω, which in our case means the clearance 

between the guide and the magnets, then with a certain 

probability (which is given in Table 1 as the second value, for 

the displacement of the levitation set in the y-direction for the 

FL magnets it is 0.00356) non-static motion occurs. Such tests 

were carried out for speeds of 1000 km/h and 2000 km/h along 

a guideway - straight tube and a guideway - curved tube with  

a radius of 200000 m. As can be seen from the results presented, 

the probability of unsteady motion is at least ten times higher 

for motion along a guide-tube-curved tube. The guide-tube FL 

probability of unsteady motion is 0.00356, and for motion in  

a curved tube the probability of unsteady motion is 0.01077. 

Both values were determined for a speed of 1000 km/h. For  

a speed of 2000 km/h, the occurrence of unsteady motion is in 

a similar relationship. 

7. Conclusions 

This paper demonstrates the possibility of using stochastic 

technical stability to test Hyperloop stability - in the Lyapunov 

sense. So far, stability testing has been performed for linear 

stability without disturbances. This method makes it possible to 

study the stability of linear and non-linear systems with 

arbitrary external disturbances by determining the possible 

ranges of motion of solids relative to each other, i.e. the size of 

the gap which in stability is defined as Ω. Such tests can be 

carried out for various conditions of motion: change of velocity, 

change of tube position, change of tube support point spacing, 

change of the mathematical description of the guide (an Euler-

Bernoulli beam is assumed in the tests). This type of stability 

study is impossible for different types of mathematical 

descriptions of stability, as it usually leads to the determination 

of the Lyapunov function (which cannot be defined and must be 

guessed at). This type of stability test eliminates this type of 

inconvenience.  

The paper investigates what size of radius of curvature and 

tube allows for steady and unsteady motion between the magnet 

and guide. The study determined such a radius, which was 

200,000 m, for which the technical stochastic stability of the 

movement of the magnets relative to the guide was tested. The 

proposed method makes it possible to study stability for 

different radii of curvature of the tube and different magnitudes 

of external disturbances. The proposed model also makes it 

possible to study the accelerations on the curve, which consist 

of three components - centripetal acceleration, Coriolis 

acceleration and lift acceleration. These can be determined 

using simulation methods.
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